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Problem 3A.2

Friction loss in bearings.1 Each of two screws on a large motor-ship is driven by a 4000-hp
engine. The shaft that connects the motor and the screw is 16 in. in diameter and rests in a series
of sleeve bearings that give a 0.005 in. clearance. The shaft rotates at 50 rpm, the lubricant has a
viscosity of 5000 cp, and there are 20 bearings, each 1 ft in length. Estimate the fraction of engine
power expended in rotating the shafts in their bearings. Neglect the effect of the eccentricity.
Answer: 0.115

Solution

This problem is essentially the same as the previous one except the numbers are different. The
first step is to determine the velocity profile vθ in the annular space of the bearing. This allows us
to calculate the viscous stress τrθ, which then allows us to find the torque acting on the shaft. We
assume that the fluid flows only in the θ-direction and that the velocity varies as a function of
radius only.

v = vθ(r)θ̂

If we assume the fluid does not slip on the walls, then it has the wall’s velocity at r = κR and
r = R. The tangential velocity is obtained by multiplying the angular velocity by the moment
arm.

Boundary Condition 1: vθ(κR) = ΩiκR

Boundary Condition 2: vθ(R) = 0

The equation of continuity results by considering a mass balance over a volume element that the
fluid is flowing through. Assuming the fluid density ρ is constant, the equation simplifies to

∇ · v = 0. (1)

The equation of motion results by considering a momentum balance over a volume element that
the fluid is flowing through. Assuming the fluid viscosity µ is also constant, the equation
simplifies to the Navier-Stokes equation.

∂

∂t
ρv +∇ · ρvv = −∇p+ µ∇2v + ρg (2)

As this is a vector equation, it actually represents three scalar equations—one for each variable in
the chosen coordinate system. Using cylindrical coordinates is the appropriate choice for this
problem, so equations (1) and (2) will be used in (r, θ, z). From Appendix B.4 on page 846, the
continuity equation becomes

1

r

∂

∂r
(rvr)︸ ︷︷ ︸

= 0

+
1

r

∂vθ
∂θ︸ ︷︷ ︸

= 0

+
∂vz
∂z︸︷︷︸
= 0

= 0,

which doesn’t tell us anything. From Appendix B.6 on page 848, the Navier-Stokes equation

1This problem was contributed by Prof. E. J. Crosby, University of Wisconsin.
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yields the following three scalar equations in cylindrical coordinates.

ρ

(
∂vr
∂t︸︷︷︸
= 0

+ vr
∂vr
∂r︸ ︷︷ ︸

= 0

+
vθ
r

∂vr
∂θ︸ ︷︷ ︸

= 0

+ vz
∂vr
∂z︸ ︷︷ ︸

= 0

−
v2θ
r

)
= −∂p

∂r
+ µ

[
∂

∂r

(
1

r

∂

∂r
(rvr)

)
︸ ︷︷ ︸

= 0

+
1

r2
∂2vr
∂θ2︸ ︷︷ ︸

= 0

+
∂2vr
∂z2︸ ︷︷ ︸
= 0

− 2

r2
∂vθ
∂θ︸ ︷︷ ︸

= 0

]
+ ρgr︸︷︷︸

= 0

ρ

(
∂vθ
∂t︸︷︷︸
= 0

+ vr
∂vθ
∂r︸ ︷︷ ︸

= 0

+
vθ
r

∂vθ
∂θ︸ ︷︷ ︸

= 0

+ vz
∂vθ
∂z︸ ︷︷ ︸

= 0

+
vrvθ
r︸︷︷︸
= 0

)
= −1

r

∂p

∂θ︸ ︷︷ ︸
= 0

+µ

[
∂

∂r

(
1

r

∂

∂r
(rvθ)

)
+

1

r2
∂2vθ
∂θ2︸ ︷︷ ︸

= 0

+
∂2vθ
∂z2︸ ︷︷ ︸
= 0

+
2

r2
∂vr
∂θ︸ ︷︷ ︸

= 0

]
+ ρgθ︸︷︷︸

= 0

ρ

(
∂vz
∂t︸︷︷︸
= 0

+ vr
∂vz
∂r︸ ︷︷ ︸

= 0

+
vθ
r

∂vz
∂θ︸ ︷︷ ︸

= 0

+ vz
∂vz
∂z︸ ︷︷ ︸

= 0

)
= −∂p

∂z
+ µ

[
1

r

∂

∂r

(
r
∂vz
∂r

)
︸ ︷︷ ︸

= 0

+
1

r2
∂2vz
∂θ2︸ ︷︷ ︸

= 0

+
∂2vz
∂z2︸ ︷︷ ︸
= 0

]
+ ρgz

The relevant equation for the velocity is the θ-equation, which has simplified considerably from
the assumption that v = vθ(r)θ̂.

0 = µ
d

dr

(
1

r

d

dr
(rvθ)

)
Divide both sides by µ.

d

dr

(
1

r

d

dr
(rvθ)

)
= 0

Integrate both sides with respect to r.

1

r

d

dr
(rvθ) = C1

Multiply both sides by r.
d

dr
(rvθ) = C1r

Integrate both sides with respect to r once more.

rvθ = C1
r2

2
+ C2

Divide both sides by r.

vθ(r) = C1
r

2
+
C2

r
Apply the two boundary conditions here to determine C1 and C2.

vθ(κR) = C1
κR

2
+
C2

κR
= ΩiκR

vθ(R) = C1
R

2
+
C2

R
= 0

Solving the system of equations yields

C1 = −2
κ2

1− κ2
Ωi and C2 =

κ2R2

1− κ2
Ωi.

We then have

vθ(r) = −2
κ2

1− κ2
Ωi
r

2
+

κ2R2

1− κ2
Ωi

r

=
κ2

1− κ2

(
−r +

R2

r

)
Ωi

=
κ2

1− κ2

(
R2 − r2

r

)
Ωi.
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The torque on the inner cylinder is obtained by multiplying (−τrθ)|r=κR, the viscous force per
unit area in the θ-direction on a plane perpendicular to the r-direction, by the lateral surface area
of the cylinder by the moment arm. The minus sign in front of τrθ indicates that the fluid is at a
higher radius than the cylinder it is acting upon. The expression for τrθ is given in Table B.1 on
page 844.

Ti = (−τrθ)|r=κR · 2π(κR)L · κR

= µr
∂

∂r

(vθ
r

)∣∣∣∣
r=κR

· 2πκ2R2L

= − 2µκ2R2

r2(1− κ2)
Ωi

∣∣∣∣
r=κR

· 2πκ2R2L

Thus, the torque exerted by the fluid on the inner cylinder is

Ti = −4πµLκ2R2

1− κ2
Ωi.

The torque that needs to be applied to the inner cylinder to maintain the motion is then

Tai =
4πµLκ2R2

1− κ2
Ωi.

The power is obtained by multiplying the torque by the angular velocity.

P =
4πµLκ2R2

1− κ2
Ω2
i

The relevant numbers in SI units are

Ωi = 50
(((

(((revolutions
XXXXminute

× 2π radians

1((((
((

revolution
× 1

XXXXminute

60 seconds
=

5π

3

radians

second

L = 20
XXXXXbearings× 1���HHHfoot

1XXXXbearing
× 12��in

1���HHHfoot
× 2.54HHcm

1��in
× 1 m

100HHcm
= 6.096 m

R = 8.005��in×
2.54HHcm

1��in
× 1 m

100HHcm
= 0.203327 m

µ = 5000���
��centipoise× 10−3 Pa · s

1���
��centipoise

= 5 Pa · s

κ =
κR

R
=

8��in

8.005��in
≈ 0.99937539.

Plugging in the numbers, we get

P ≈ 347189����Watts× 1HHkW

1000����Watts
× 1.3410 hp

1HHkW
≈ 465.581 hp.

The fraction of engine power lost to friction is therefore

465.581��hp

4000��hp
≈ 0.116.
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